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Abstract — In a first part, given a scheme X of characteristic zero 
and a vector field f on X, we define what are the leaves of X for 
We prove that given x £ X, there exists a smallest leaf n of X passing 
through x. and we call it the trajectory Traj^(a;) of x. We establish 
some nice properties of the map Traj^(— ), and explain how to deal 
without any assumption on the characteristic of X. In a second part, 
with the help of these tools, we give a geometrical interpretation and 
generalize the paper |Car90] of Carra Ferro. In a third part, we prove 
the key point of the paper : one can extend, in a unique way, a constant 
section defined over U to the open set II s generated by U under the 
action of "V . Finally, in a last part, we use these tools to compare three 
classical sheaves that have been defined over the differential spectrum. 
In a appendix, we give some details about the associated sheaf of a 
presheaf of differential rings, and explain why it commutes with the 
constant functor. 
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1 Introduction 



1.1 Differential schemes 

Differential schemes have first been introduce c] ^J by William Keigher in |Kei75 | . 
The aim of introducing such objects is to give to algebra-differential geometrj|_^j 
sound foundations, just as scheme theory for algebraic geometry. Nev ertheless, 
and desp ite the followi ng c ontributions to this task by A. Buiun f^j G. Carra 



Ferrc ( 4 ) and J. Kovavic ( 5 ) the category of differential schemes is still lacking. 
Let us explain quickly the several attempts that have been made and why they 
fail. 

One starts with a differential ring ( A, d) and defines the differential spectrum 
of A to be 

diff-Spccv4 =: {p | p is a prime and differential ideal of ^4} . 

First, this set is endowed with a topology (called the Kolchin topology) whose 
closed sets are defined as for schemes. Then, one equips it with the restriction 
sheaf of OspecA to the subspace diff-Spcc A. The resulting objets are called 
afftne differential schemes. They are differentially ringed spaces, whose stalks 
are local rings with a maximal ideal that is differential. The category of differ- 
ential schemes is defined to be the category of such differentially ringed spaces 
that are locally isomorphic to affine objects. 

The first problem with this category (see section 14 of [Kov02aJ) is that one 
does not know if it has fibered products. Kovacic has proved that they exist, 
but only for AAD differential schemes, ie only if these objects satisfy a technical 
hypothesis that might exclude many cases. The second problem is about global 
sections. Indeed, unlike for schemes, the natural morphism 

A — >A:= r(difr-SpecA,0 d iff-SpecA) 

is neither, in general, injective nor surjective. Under some assumptions (see 
Theorem 2.6 of |Bui82j . Theorem 10.6 of |Kov02aj or Theorem 8 of |Tru09j ). 

one can prove that A — > A is an isomorphism of differential rings. 

There is another definition to differential schemes. It has been proposed by 
Carra Ferro in |Car90| and it is based on another structure sheaf C^^SpecA 
for diff-Spec A. However, this sheaf has not been used or studied elsewhere. It 



"'He then studied them in a series a papers |Kei77l IKci78 KciSl Kci82a, Kci82b, Kei83l . 
( 2 'See the article of Buium and Cassidy in Kol99 for an excellent survey on algebro- 
differential geometry. Algebro-differential varieties appear naturally in, for instance, para- 
metrized Galois theory: in this setting, the Galois group is not an algebraic group but a 
differential-algebraic group. See for instance ICS07I , |Cas72l . |Lan08l . IHS08| . 
( 3 > [Bui82| 

W |Car85llCar90] 

< 5 ) |Kov02al IKov03l IKov06l IKov02b| 
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seems more complicated than the previous one but it verifies 

A = r(diff-SpecA^ ff F) Spcc ^). 

The definition of this sheaf is based on the following lemma: 

Lemma (Lemma 1.5 of Car90 ). Let A be a differential scheme. For each open 
subset U o/diff-Spec A, there exists an open subset Ua of Spec A such that: 

(i) U A n diff -Spec A = U; 

(ii) U A 3 Spec A \ diff -Spec A; 

(Hi) IfV is an open set of Spec A such that V(~] diff -Spec A = U , then V C Ua- 

Then, O^iff-Spec A&) IS defined to be Ospec a(£^a)- Nevertheless, this con- 
struction needs to be clarified. 



1.2 Content of the paper 

The goal of this paper is to bring a new point of view on this problem and these 
constructions. Our first idea is to not restrict ourselves to differential rings 
but to conduct our study in the frame of schemes. In this setting, vector fields 
replace derivations. Schemes with vector field have already been introduced and 
studied, in particular by Buium in |Bui86j and |Bui92j and Dyckerhoff in |Dyc| 
but also by Umemura in |Ume96j . Of course, vector field s ar e also implied in 
|Gro67] , but Grothendieck does not study them extensivelj ( 6 ) Given a scheme 
X with a vector field we define the leaves of X for 'f ' . It is, intuitively, the 
elements r\ of X that are invariant under the vector field — or, the irreducible 
closed subsets tangent to "¥ . Then, we prove that given x £ X, there exists a 
smallest leaf going trough x, called the trajectory of x under Y , and we denote it 
by Traj^?(a;). More precisely, we prove its existence when X is of characteristic 
zero and explain how to deal when not. The map Trajy : X — >X satisfies 
nice and natural properties, and with the help of it, we endow X with a new 
topology, that we call the Carra Ferro topology. The open sets of this topology 
are the Zariski open sets of X that are invariant under "¥ . In this context, it is 
very easy to generalize to schemes with vector fields the various constructions 
done for diff-Spec A. In particular, we give a new perspective on the sheaf 
defined by Carra Ferro in |Car90] . 

Then, with these tools, we compare the different sheaves that have been 
defined over diff-Spec A. Actually, this comparison is valid over the set of leaves 



( 6 'At the very beginning of IGro67l , Grothendieck writes "Dans ce paragraphe, nous 
presentons, sous forme globale, quelques notions de calcul differentiel particulierement utiles 
en Geometrie algebrique. Nous passons sous silence de nombreux developpements, clas- 
siques en Geometrie differentielle (connexions, transformations infinitesimales associees a 
un champ de vecteurs, jets, etc.), bien que ces notions s'ecrivent de facon particulierement 
naturelle dans le cadre des schemas. " 
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X r of any scheme X endowed with a vector field. Three sheaves have been 
defined. First, the restricted sheaf Cdiff-SpccA > defined in |Kei81j . Second, the 



sheaf Offi^specAi defined a la Hartshorne in |Car85j . and used by Kovacic in his 



diff-Spcc A 

, /~\ i~i n r\ /~\ y~t I r\ l—t n nnT ht 

diff-Spec A 

several papers. Third, the sheaf ^diff-Spec^l defined by Carra Ferro in |Car90] . 
We prove that 

^(Kcighcr) ^ ^(Kovacic) 
^diff-Spec A = '"cliff-Spec A 

for any differential ring A. For the Carra Ferro sheaf, we prove (see Theorem 



5.1) 



Theorem. Let X be a reduced Q-scheme endowed with a vector field. Then, 
the Carra Ferro sheaf and the Keigher sheaf have the same constants: 

VUopen tn X* , C (off hcl) (U)) ~ C(0^p(U)). 
The main ingredient of the proof of this theorem is the following proposition (see 



Proposition ^.1), which has an interest in itself. It says that given a constant 
section of Ox over U, one can extend it to the open set II s generated by U 
under the action of "V . It is remarkable as one always restricts sections but 
rarely extends it. 

Proposition. Let X be a reduced Q-scheme endowed with a vector field "V . Let 
U be an open set of X. Then, for every f £ C (Ox(U)), there exists a unique 
f inC (O x (U s )) such that f {u = /. 

Furthermore, the extension map 

C(O x (U)) ^C(O x (U s )) 

/' >f 

is an isomorphism of rings, whose inverse C (Ox(U s )) — > C (Ox{U)) is the 
restriction map. 

The proof of this proposition relies on the following fact: if (a/6)' = then 
a/b = a' /b'. Nevertheless, when one wants to state the property we need - 
something like a/b — o^/^ f° r au " n > un der the same assumption — one 
needs to follow quite precisely what happens in the computations. This is 



done in Proposition and Lemma 4-3 In particular, we prove the following 



statement of commutative algebra. 

Proposition. Let A be a differential ring and S a multiplicative subset of A. 
If s € S and i/i€N, one has 

= in S-*A \ a o« . __j . 

s (l) e S ) s sW 
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1.3 Plan of the paper 

The paper is organized as follows. Section 1 is this introdcution. Section 2 is 
devoted to the definition of vector fields, leaves, to the construction of Traj^ 
and to the study of its properties. We also study, as examples, vector fields of 
A™ and P™. In particular, we prove that any vector field on P™ vanishes at 
some closed point — another way to say that any vector field on P£ (k a field 
and the vector field constant on k) has a singular point. We also explain how 
to define the trajectory in the case of schemes not defined over Q. In Section 
3, we define the Carra Ferro topology of a scheme with a vector field, as well as 
the Keigher sheaf and the Carra Ferro sheaf. Section 4 is devoted to our result 
on the extension of constant sections. It starts with a result of commutative 
algebra on constant elements in localized rings. In Section 5, we prove our main 
results on the comparison of 0%£jg£ A , 0^°™^ A and O^H ?ccA . Finally, 
in an appendix, we explain why the associated sheaf functor, in the case of 
(pre)sheaves of differential rings, commutes with the functor of constants. 



2 Vector fields, leaves and trajectories for schemes 

We start this paper with some classical and elementary facts about the pos- 
sible definitions of vector fields for smooth manifolds. This will motivate our 
definition for schemes. 

2.1 Vector fields 

In the case of smooth manifolds, it is well known that one can define global 
vector fields in various ways. Given M such a manifold: 

a) If the tangent bundle TM has already been defined, as a smooth mani- 
fold, one can say that a global vector field is a section s of the canonical 
projection it : TM — > M. 

b) It is equivalent to consider a map 

d : %f°° (M, R) — ► %f°° (M, R) 

that is R-linear and such that 

V/, g G (M, R) , d (fg) = fd(g) + 8{f)g. 

In other words, global vector fields can also be seen as R-derivations of 
the R-algebra < ^°° (M, R) . The derivation associated to a section s of 
TM — 5- M is defined by 

f> m - M " R 

sUJ - p i >4f P •*(?)' 
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c) Actually, given a global vector field, one gets a R-derivation du oiff 00 (U, R) 
for all open set U of M. Moreover, these maps are compatible with the re- 
striction maps. Thus, one can attach to a global vector field a R-derivation 
of the structure sheaf @m of M. 

This motivates the definition: 

Definition 2.1. Let X be a scheme. A vector field "V on X is a derivation of 
the stucture sheaf Gx of X. 

Remarks. — (a) A scheme can always be endowed with the zero- vector field, 
which corresponds to the derivation djj = for all open sets U of X. 

(b) If (X, &x) is a scheme, then it is equivalent to consider a vector field 
on X or to endow the sheaf Gx with a structure of sheaf of differential rings: 
{X, £?x, is then what we will call a differentially (locally) ringed space. 

(c) In |Gro67) . given a S-scheme X, Grothendieck defines the tangent bundle 
of X/S. It is a S'-scheme, denoted by T x /s, with a 5-morphism to X: 

Tx/s 

I- 

X. 

He proves that the ^-section of it correspond to the ^-derivations of Gx- So, 
in the case where X is viewed as a Z-scheme, one gets a correspondence between 
the sections of 7r : Tx — > X and the group of vector fields of X. The -module 
of S'-sections of n is the dual of ^ e wm denote it by S?x/s ( or by 2?x 

when S = SpecZ). 



2.2 Morphisms and category 



If S£ = (X, Y) and W — (Y, W) are two schemes with vector fields, a morphism 
/ : S£ — > & will be a morphism / : X — > Y of schemes such that, for all open 
set U of Y, the diagram 



f* 

J u 



J f,f-l(U) 



0x(r l (U)) 



JU 



G Y (U) 

¥ 

G Y {U) 



commutes. In other words, / is a morphism of schemes that is a morphism of 
differentially ringed spaces. The category of schemes with ve ctor fields will be 
denoted by Sch a . Intuitively, as it will be seen in Proposition 2J1 a morphism 
/ : 3£ — > & pushes the vector field of X onto the vector field of *3f . 
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2.3 Schemes with vector fields and differential rings 

If (A, d) is a differential ring, then the scheme Spec A can be canonically endowed 
with a vector field ^. As a derivation, this vector field is defined on the basis 
of open sets D(f) as the derivation induced on Af by d. We will denote this 
scheme with vector field by Spec 9 A Actually, one obtains a functor 

Spec 9 : (Rng 9 ) op ™^Sch 9 . 

We could have defined the schemes with vector field as differentially ringed 
spaces locally isomorphic to Spec 9 A 's. 

Example. — Let A; be a field and A = k[x\. The derivation d cst of A defined 
by <9 cst |fc = and d cst (x) — 1 corresponds to the constant vector field of K\. 
The derivation d rad defined by d rad \k = and d rad (x) = x corresponds to the 
radial vector field, as pictured in Figure [7] A 

< — < — < — < — <-<-->-> — > — » — > — > _ 

Figure 1: The vector fields of A\ associated to the derivations d cst and d rad . 



As in the non-differential case, one has the following proposition, whose proof 
is left to the reader: 

Proposition 2.2. The functors 

Spec 9 

(Rng 9 )°P ; t ? Sch 9 

<>{-) 

form an adjunction: (— ) is a left adjoint to Spec 9 . 

In particular, the category of affine schemes endowed with vector field is antiequi- 
valent to the category of differential rings. This allows us to describe the vector 
fields of A£ and P£, as follows. 

Examples. — (a) Vector fields on A£ . Let k be a ring. Let "f be a vector field 

defined on AJJ, and constant on k. Then, Y corresponds to a fc-derivation 
of k[Xi, . . . , X n ]. Such a derivation d is fully determined by the elements 
dXi, . . . , dX n . Hence, the abelian group of vector fields on A£ is isomorphic to 
(k[X 1 ,...,X n ],+) n 
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(b) Vector fields on PJJ. Let k be a ring. Then, the vector fields defined on 
Pfe {n > 1) and constant on k all come from linear vector fields of A? . This 
means, precisely, that for any vector field Y defined on PJJ and constant on k, 
there exists a matrix A £ M n+ \{k) such that the morphism 

tt: (A£ +1 \{0},^) -(P£,/) 

is compatible with the vector fields, where n : A]J +1 \ {0} — > P£ denotes the 
canonical projection and where "Va denotes the linear vector field of AJJ +1 in- 
duced by the derivation 

8 A : k[X ,...,X n ]^k[X ,...,X n ] 

defined by 



fx \ 


:= A 


f X \ 






I Xn) 



Indeed, the Euler exact sequence can be written 

^ -> (1)» +1 
as m Example 8.20.1 of |Har77j . Hence, one gets an exact sequence in cohomol- 

But, one knows that _ff 1 (PJJ, ^pjj) = (see for instance |Liu021 ) . So, the map 
H (P%, tff Pl {l) n+1 ) — >H°(P%, ^p^/fc) is surjective. Let us write down expli- 
citly what is this map. To a family (L , . . . , L n ) of linear forms in X Q , . . . , X n , 
it associates the vector field of P'jJ, defined on each standard open set Ui — 
Speck[X /X u ... 1 X n /X l }by: 

d(X k /XA = -* K 

■X-i 

So, given a vector field "f of P£, one obtains the required matrix A by consid- 
ering the coefficients of the linear forms Lq, . . . , L n . A 



2.4 Tangent vectors associated to vector fields 

Let X be a scheme. Now, we are going to explain how to associate to a vector 
field Y on X and to an element x £ X a (Zariski) tangent vector ~f{x) £ T X X. 
First, it is easy to check that a vector field T 7 , ie a derivation d of ffx, induces 
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a derivation d x of the local ring &x,x- We denote by 9Jt x , as usual, the maximal 
ideal of &x,x, and k(x) := Gx,xj^x- We then consider the linear map 

9Jl x > k(x) 

/I >(0*/)(aO ' 

This map sends elements of Wl x to zero, since 

d x (fg)(x) = ((^/).g + f(d x g)) (x) = 
for /, g e OTj; . Hence, we got a map 

m x /m 2 x ^ K (x), 

which is K(x)-linear: in other words, we got a element of T X X the Zariski tangent 
space of 1 in i. We denote this element by ~¥{x). We then have the formula: 

Proposition 2.3. Let JT = (X, f) and W = (Y, W) be two schemes with 
vector fields. Let f : X — > & be a morphism. Then 

Vx G X, T x f . f(x) = i x o W{f(x)). 

where i x : n(f(x)) — > k(x) is the inclusion of residual fields induced by f 

Proof. — Since the definition of Y{x) is local, it is sufficient to prove this 
statement when X and Y are affine. So, let (A, 8a) and (B,ds) be two dif- 
ferential rings, and let ip : {A, 8a) — >{B,8b) be a morphism. We denote by 
/ : Spec 9 £> — > Spec 9 A the corresponding morphism of schemes with vector 
fields. Let x € Speci?, ie let p x be a prime ideal of B. The image of x by / is 
p y := (p~ 1 (p x ). The morphism ip induces, by localisation, an arrow 

£:A Py ^B Px . 

Better, if we denote by DJl x and DJl y the maximal ideals of A Px and A Py , <p 
induces morphisms 

^■.m y /vn 2 y ^m x / < m 2 x and i x ■. B Py /vn y ^A p jm x , 

this latter being injective. Now, the tangent vector V{x) corresponds to the 
morphism 

m x /ml ^B p jm x 

o x : , 
tp\ ^d B {ip) mod. m x 

and there is a similar description of W{y). The image of V{x) by the differential 
T x f is the map d y making the diagram 

m y /m 2 y m x /m 2 x 




A P JWl x 
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commute. Let V S Tl y . We have: 

d y (tp mod. 9Jt*) = d x (Tp(ip mod. 9Jt*)) = d x ((p(ip) mod. 971*) 

= d B mod. art 

= <p(d A (il>)) mod. 9JT X 
= ^ (d A {ip) mod. 9Jlj,) . 

In other words, T x f • f{x) = i x o W(f(x)). ■ 
2.5 Leaves 

We are now able to define leaves: 

Definition 2.4. Let = {X,V) be a scheme with a vector field. Let rj e X . 
We say that r\ is a leaf of Jf for a leaf for ^ J when y{rj) =0. TTie set of leaves 
of will be denoted by X y . 

Let us check that the leaves of Spec d A correspond to the differential prime 
ideals of A, when A is a differential ring. Let p be a prime ideal of A. Let's 
assume that p is a leaf of Spec 9 A Let / g p: from V(p) = 0, we deduce that 
the image of / under the map 

pa p = m p ^m p /m 2 p ^ m p /m 2 p ^A p /m p 

is zero. Hence, <9a(/) € = p^4 p and so, / g p: the ideal p is differential. 
Reciprocally, one can check that if p is a differential ideal, then it is a leaf of 
Spec a A This fundamental remark shows that 

X* C X 

is the exact non-affine analogue of 

diff-Spec A c Spec A. 

Examples. — (a) The scheme Ajf, endowed with the constant vector field has 

only one leaf: its generic point n. With the radial vector field, it has two leaves: 
the closed point and n. 

(b) Let's consider the ring A = k[X\, . . . ,X n ] with a /c-derivation d. The 
derivation d is caracterized par the elements 

Pi:=0(Xi) P 2 :=d(X 2 ) ••• P n :=8(X n ). 
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One can check that the corresponding vector field "¥ satisfies, for all X\, . . . , x n £ 
k: 



f(x-l,...X n ) 

Fn {x\ , ■ ■ ■ , 

Let's take n = 2 (we denote A = k[x, y]) with the derivation 

d(x) — — 2y and d(y) = 3a: 2 . 

By a simple computation, one checks that the prime ideal r/ c — (x 3 + y 2 — c) is 
differential, for all c € k: consequently, (j] c ) ce k is a family of leaves. 

(c) As noticed by Buium in |Bui86j (Lemma (2.1) of Chapter 1), if X is a 
Q-scheme and if F is an irreducible closed set of X, then the generic point rjp 
of F is always a leaf, for any vector field f. 

(d) Let k be a ring. Any vector field on P£ vanishes on a closed point — a 



kind of analogue of the hairy ball theorem. Indeed, as explained in (2.3), if ~f 
is a vector field of PJ? constant on fc, then there exists A £ M n+ i(k) such that 
"V comes from the vector field of A£ +1 defined by 



fx \ 


■= A 


f x \ 






{ Xn) 



Now, let if be a residual field of k, ie let <p : k — > K be & surjective morphism. 
There exists a finite extension of fields K — > L such that the matrix A, when 
viewed in L, has an eigenvector v. This implies that the image of v under the 
map ttl ■ A^ +1 — s-P^, denoted by xl, and which is clearly a closed point, is 
a leaf for % — in other words, Yl vanishes on x^. By Proposition 2.3 one 
knows that the image of xl under the map 

/:P2^P» ^P" 

denoted by Xk, will also be a leaf for "V. Hence, we just need to see why Xk is a 
closed point. This comes from the following facts: 

- First, since L/K is finite, SpecL — S> Spec if is a proper map and so is 
P£ — > In particular, it is a closed map. 

- Second, since Spec K — > Spec k is a closed immersion, the morphism 
P^- — > P^ is also a closed immersion. In particular, it is a closed map. 

- So, P£ — > PJ? is a closed map, and sends closed points to closed points: 
Xk is a closed point. 

A 
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2.6 Trajectory of a point 

Now, let X = (X,Y) be in Sch a . We would like to associate to any x E X 
"its algebraic trajectory under the vector field r f"'\ This is possible, thanks to 
the following theorem, which is an analogue for schemes of the Cauchy-Peano 
theorem: 

Theorem 2.5. Let X — (X, 'V) be a scheme with a vector field, defined over 
Q. Let x € X . Then, the ordered set 



vex 



r\ *** x 
i] is a leaf of X 



has a least element. We denote this element by Traj^(x) and call it the trajectory 
of x (under V ). 

Remark. — Here, the order that we consider is: z > y if and only if y e {z}. 
In this case, we say that z is a generization of y and that y is a specialization 
of z; we denote z ~> y. The properties of this order are classical (see [Gro60 , 
Chapter 0, (2.1.1)). For instance, open sets are stable under generization and, 
dually, closed sets are stable under specialization. () 

Proof. — We keep the notations of the theorem. Let x € X and U an affine 
neighborhood of x. Since all the generizations of x are elements of U, one can 
assume X affine. So, let A be a differential Q-algebra and p a prime ideal of A. 
Since the generization order is the opposite of the inclusion order on ideals, one 
needs to prove that 

S ec A 1 ^ s a differential prime ideal 
qG PGC qcp 

has a greatest element. Let's consider, as in [Kei77 , the set 

P# := {/ G A I Vn > 0, G p} . 

Keigher's Proposition 1.5 says that p# is a prime ideal (it's there that Q C A 
is needed). It is then easy to check that p# is the required ideal. We will see 
further a proof of the primality of p# is a more general context. Let's remark 
that, in any case, I# is the greatest differential ideal contained in /. ■ 

Examples. — (a) For all leaf n £ X, Traj^Ty) = rj. 

(b) Since X = Aj[. endowed with the constant vector field has only r\ as a 
leaf, one has: Vx £ X, Traj y{x) — rj. If we consider the radial vector field, the 
trajectory of all x £ X but is rj. 

(c) Let's consider the vector field on Aq defined by 

dx = 1 — xy 2 and dy — x 2 — y 3 , 
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whose smooth real leaves are drawn in Picture [#| Jouanolou proved in |Jou79j 
that no non-constant smooth leaf of this vector field is algebraic. Thus, the 
leaves for this vector field are just r\ the generic point and the point (1, 1). A 




Figure 2: Smooth leaves of the vector field defined by dx — 1 — xy 2 and dy — 
x 2 — y 3 . 

2.7 Properties of the trajectory 

First, we prove that the map Traj .f is "compatible" with morphisms of Sch a , 
namely: 

Proposition 2.6. Let 3£ = (X, f ) and <W = (Y, W) be two Q-schemes with 
vector fields, and let f : 3£ — > W be a morphism. Then, for all x G X, 

f(Traj, f (x)) = Traj^(f(x)). 

Proof. — By considering affine neighborhoods of f{x) and x, it suffices to prove 
this proposition in the affine case. Hence, let A and B be two Q-differential 
algebras, let ip : A — > B be a morphism of differential rings. Let p be a prime 
ideal of B. We want to prove that 

v _1 (p#) = (^'pL- 
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But, 

(f^ 1 (p#) = {x G A | tp(x) G p#} = | a; G A I Vra G N, p(ar) (n) G p| 

= {.x G A | Vn G N, <p( X W) G p} = {x G A | Vn G N, G t^p} 

= (^ 1 P) # , 
which concludes the proof. ■ 

The trajectory defines a map 

Traj.^ : X — > X f . 

Since X r C X, it is possible to endow the set X r of leaves with the topology 
induced by the Zariski topology. Then: 

Proposition 2.7. Let X be Q-scheme endowed with a vector field "V . Then, 
Trajy? : X — > X^ is continuous and open. 

Proof. — First, let's show that it is continuous. Since this property is local, 
let's assume that X = Spec 9 A, with A a differential ring. Let U = V n X' r be 
an open set of X y , where V is a Zariski open set of X. Let I be an ideal of A 
such that V = X \ V(I). Let's prove that 

(Tmj, f )- 1 U = X\V((I)), 

where (I) denotes the differential ideal generated by I. Let p be a prime ideal 
of A. Then, one has 

Traj.^(p) G U <==> p # G U 

p# e y 

<^=> /cp # . 

But, the latter is equivalent to (I) C p. Indeed, if J C p#, since p# is a 
differential ideal, one has (I) C p# and since p# C p, one has indeed (I) C p. 
On the other hand, if (I) C p, since p# is greatest differential ideal contained 
in p, one has (I) C p# and so I C p#. This proves indeed that (Traj ^) 1 J7 = 
X\V((I)). 

Let's prove now that Traj.^ is open. Let X be a Q-scheme endowed with 

a vector field T^. Let U be an open set of X. Since, for all r\ G X^, one has 
Traj ^(77) = 77, it is easy to check that 

Traj r -(C/) = U n X^. 
Hence, the map Trajy? is indeed open. ■ 
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2.8 The case when the schemes are no more defined over Q 



A crucial hypothesis in Theorem \2.5\ is that the schemes have to be defined over 
Q. This comes from the fact that, when differentiating f n , one gets n ■ 
if n can be simplified, much more things can be done. In general, Theorem \2. 5 
is false when the schemes are not defined over Q. Nevertheless, it is possible to 
solve this problem by defining Hasse-Schmidt vector fields. Recall that, when 
A is a ring, a Hasse-Schmidt derivation of A is a family D = (-Dj)j>Q of map 
A — > A satisfying 

(i) for all i > 0, Di : A — > A is an additive map, and Dq = Ua- 

(ii) the generalized Leibniz rule: for all i and all /, g G A: 

Di(fg) = ]T D k (f)D e (g). 

k+l=i 

(iii) iterativity: for all i,j > 0, Di o Dj = { l ^ i J ^Di + j. 

If A is a Q-algebra, then, there is a one-to-one correspondance between deriva- 
tions of A and Hasse-Schmidt derivations of A given by 

8\ *D:= - 



Subsequently, if X is a scheme, we call Hasse-Schmidt vector field of X any 
Hasse-Schmidt derivation of the structure sheaf &x, ie any family {Du)u °f 
compatible Hasse-Schmidt derivations 0x (U) — ► @x [U) for all open set U. 
Let's now define what would be a leaf for a Hasse-Schmidt vector field. The 
situation is more complicated than for classical vector fields. For any Hasse- 
Schmidt derivation 3 of &x and any x £ X, it is possible to consider the 
restriction of 3 to the local ring ffx,x'- it is a Hasse-Schmidt derivation of 
£?x,xi and we denote 2) x — (@ x ,i)i>o- For all i > 1, the map 

mi/mi +1 > k(x) 

GVX ' 1 '' /I ^X,i(/)(X) 

is well defined, since 

VfeW+\ % ii (f)(x)=0. 

Indeed, if A is a ring and if D = (Dq, Di, . . .) is a Hasse-Schmidt derivation of 
A, the generalized Leibniz rule generalises to 

V*>0,Vp>l ) A(/i/ 2 ---/ P ) = ]T D ei (f 1 )---D tp (f p ), 

t-L,...,£ v >0 
<lH \-?p=i 

for all f\, . . . , f p € A. We say that a; is a leaf for this Hasse-Schmidt derivation 
if the maps ev x ,i are zero for all i > 1. Then we have: 
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Theorem 2.8. Let X be a scheme endowed with a Hasse-Schmidt vector field 
"V . Let x G X . Then, the ordered set 

n ~^ x | 
n is a leaf for "V J 

has a least element. 

The proof of this theorem is based on the following proposition: 

Proposition 2.9. Let A be a ring and D = (Di)i>o a Hasse-Schmidt derivation 
of A. Let p be a prime ideal of A. Then, 

p # := {/ e A | V* > 0, Di(f) e p} 

is a prime ideal invariant by D. 

Proof. — The set p# is clearly stable under addition. If / g p# and X £ A, then 
the generalized Leibniz rule proves that A/ e Furthermore, the iterativity 
of D proves that for all i > 0, the ideal p# is stable under Di. Let's prove that 
p# is a prime ideal. Let f,g £ A such that /, g £ p#. Thus, let io and jo > 
be the least integers such that 

Ao(/)^P and D jo (g)(£p. 
Let's prove that fg ^ p# by considering 

D io+jo (fg)= J2 W)Di(g)- 

k+e=i a +j 

In this sum, the terms split in three parts: the Dk(f)De(g) , s for k < io, which 
are in p by definition of io, the Dk(f)Dg(g) , s for I < j , which are in p for the 
same reason, and finally D io (f)Dj (g). This latter isn't in p for p is a prime 
ideal. Thus, Di 0+ j (fg) ^ p and so, fg ^ p#. This proves that p# is a prime 
ideal. ■ 
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3 The Carra Ferro topology, the Carra Ferro 
sheaf and the Keigher sheaf 

In this section, we reinterpret the paper |Car90] . with the help of vector fields, 
leaves and trajectories. This new approach allow us to generalize the construc- 
tions of Carra Ferro to the non-affine case and, much more important, to get a 
geometric understanding of these latter. 
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3.1 Invariant closed and open sets 



We begin this section by denning invariant closed and open sets. For the sake of 
simplicity, we stick to Q-schemes with vector fields but all what follows should 
work for schemes with Hasse-Schmidt derivations. 

Definition 3.1. Let X be a Q-scheme with a vector field "f . A closed set F of 
X will be said invariant under "V when 

\fx G F, Traf f (x) G F, 

An open set U of X will be said invariant under 'f when the closed set X \ U 
is. 

We now prove an analogue of Theorem \2.5\ for open sets: 

Proposition 3.2. Let X be a Q-scheme endowed with a vector field ~Y . Let U 
be an open set of X . Then, the set 

U CV 1 
V is an invariant open set of X J 

has a least element. We denote it by II s , and call it the invariant open set 
associated to U. 

Remark. — Of course, dually, there also exists a greatest invariant closed set 
included in F, when F is a closed set of X. ^> 

Proof. — We keep the notations of the statement. Let's consider the set 

V = {xeX\ Traj r -(x) G U} . 

Since the map Traj^ is continuous, Vo is an open set of X. Furthermore, 
U C Vo, for we always have Traj^(a;) x, and for open sets are stable under 
generization. Now, let's check that Vq is invariant: let x ^ Vq. Then, Traj^(:r) ^ 
Vo, since Traj^ (Traj.^(x)) = Traj^rr) ^ U. Last, let's prove that Vo is the 
least such set. Let V D U be an invariant open set and a; G Vo- If x ^ V, then, 
by invariance, one would have Traj ^(x) ^ V . But, by definition of x G Vq, one 
has Traj^?(x) G U and thus Traj^(x) G V. This is absurd. Hence, x G V and 
so, Vo C V. U 

If A is a differential ring, if X = Spec 9 A and if U is the open set of X defined by 
an ideal /, then U s is the open set defind by the differential ideal (I). Indeed, 
one has 

U 5 = {Tmj, f y 1 U = X\V((L)), 
as it has been shown in the proof of Proposition \2. 7| 
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3.2 The Carra Ferro topology of 3£ 

We now prove that the invariant open sets form a topology: 

Proposition 3.3. Let X = (X, Y) be a Q-scheme endowed with a vector field. 
Let (Ui)i e i be a family of open sets of X . Then: 

(\JuA =[jU l S and, when I is finite, lf]U t ) = f]u/ . 

Vie/ / iei \iei / iei 

In particular, the invariant open sets of X form a topology of X. We call it the 
Carra Ferro topology fo 8£ . 

Proof. — This comes from the fact that for any map / : E — > F, f~ x commutes 
with unions and intersections, applied to / = Traj^. ■ 

Consequently, the subset X~^ of X can be endowed with two induced topolo- 
gies: the one induced by Zariski, and the one induced by Carra Ferro. They are 
the same: 

Proposition 3.4. Let — (X, Y) be Q-scheme endowed with a vector field. 
Then, the Zariski topology of X and the Carra Ferro topology of 2£ induce the 
same topology on X r . 

Proof. — Since, the Carra Ferro topology is a subtopology of the Zariski topo- 
logy, it suffices to prove that, if U is Zariski open set of X, then, there exists an 
invariant open set V of X such that: 

unx' f = vnx' f . 

It suffices to take V := U s . ■ 

3.3 The Carra Ferro sheaf and the Keigher sheaf on i?f 

Now, we would like to equip the topological space X r with a sheaf. For this, 
we have three possibilities. 

a) First, if we denote by Xz&r the scheme X endowed with the Zariski topol- 
ogy, then the inclusion map 

*Zar : X ^ 5- Xz ar 

is a continuous map. Since Xz ar comes with the scheme-structure scheaf 
&x, one can consider the pull-back of &x by iz ar - In other words, one can 
consider the restriction of 0x to the subspace X r . It is a sheaf denoted 

by 
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and defined as the sheaf associated to the preasheaf 
U i y colim , . . „ G x (V) . 

v V open in X ^ ^ > 

and UCV 

Indeed, this latter is not always a sheaf. This sheaf is naturally a sheaf of 
differential Q-algebras. 

b) Second, we can do the same but with the Carra Ferro topology instead of 
the Zariski one. So, if we denote by X CF the scheme X equipped with the 
Carra Ferro topology, it is still possible to consider the inclusion map 

icF ■ X r — > Xcf ■ 

it is also a continuous map. The sheaf &x, defined on Xz ar , induces 
naturally a sheaf on Xcf, which we still denote by &x- Thus, similarly, 
one can consider the sheaf 

c) Third, there is another sheaf that one can define on I* 1 . Indeed, since 
Traj ^ : Xz ar — > X r is a continuous map and since Xzar comes with the 
sheaf 6x1 one can consider the push-forward of &x by Trajy. It is a sheaf 
denoted by 

(Traj, 7 ).^- 

and whose definition is simplier than for the pull-back: if U is a open set 
of X^ , one has, by definition 

(Traj^),^. Y (U) := G x ((TVaj^t/) • 

Notation 3.5. When U is a open set of X r , we denote 

U A ■= (Traj.f)- 1 !/ = {x e X \ Traj. f (x) e U} . 

It is easy to check that Ua is an invariant open set of X. With this notation, 
we have (Traj^)*^ (U) = ff x (Ua)- We have: 

Proposition 3.6. Let = (X, Y) be Q-scheme endowed with a vector field. 
Then, 

Proof. — We keep the notations of the proposition. Let U be an open set 
of X^ . We will prove that &x (Ua) is an inductive limit of the Gx (V), for 
V invariant open set of X such that U C V. So, let V be an invariant open 
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set containing U. Then, Ua C V. Hence, the restrictions form a bunch of 
compatible maps 

tl>v ■ G x (V) — > 0x (U A ) ■ 

Let's prove that these maps make Gx (Ua) an inductive limit. It's easy. Let A 
be a differential ring, equipped with compatible maps tpv ■ Gx (V) — > A for all 
invariant open set V containing U. In particular, there is a map 

f:=Vu A :G x (U A )^A. 

What we want to prove is that, for every V , the diagram 

Gx(V)^6 x (Ua) S -^A 



commutes. This follows from the compatibility of the family (ipy)y. M 

Definition 3.7. Let 3E = (X, ~V) be Q-scheme endowed with a vector field. 
The Keigher sheaf on X r is 

/5>(Keighor) , . \-l /? 

& xi ; ■— (IZar) ^ X ■ 

The Carra Ferro sheaf on X r is 

~ (icfVGx = (Traj^Gx. 

With these definitions, Corollary 2.4 of |Car90) generalizes to the following: 

Proposition 3.8. Let X — (X, Y) be Q-scheme endowed with a vector field. 
Then, 



' r G^V) = 

In particular, if A is Q- differential algebra 

-Sp< ■ . i 

Proof. — By definition, 



T(X y , &vp) = T(X, G x ). 



r(diff-SpecA,^ 



r(X^,Gfp)=F((X^) s ,Gx). 



x 



But, it is clear that (X )a — X and thus, the result follows. 
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3.4 The Kovacic sheaf 



When X is affine, a third sheaf has been studied. Although it has been defined 
for the first time by Carr Ferro in |Car85j , we call it the Kovacic sheaf. Indeed, 
in a series of papers |Kov02a[ IKov02bl IKov031 IKov06| , Kovacic intensively uses 
and studies this sheaf. Here is its definition: 



Definition 3.9. Let A be a differential ring and U an open set of diff-Spec A. 
The Kovacic sheaf ^iffi-SpecA' * s defined by 

^diff-spocA \y ) ■— 



s:U 



II A 



peu 



(*) Vp e U, s(p) e A p 

3 (Ui) i£l open covering ofU, > . 

(m) 3(ffli)i 6 j, (bi) ie i € A 1 , 

Vp e U, Vt E I, p e C/j =>■ (6 4 ^ p anci s(p) = fj-) 



We will prove further that ^jiff-Spec A ^ na - ^diff-Spec A isomorphic. 



4 Extension of constants 

In this section, we prove the following result, which will be our main tool to 
compare the Keigher sheaf and the Carra Ferro sheaf. If A is a differential ring, 
we denote by C(A) the ring of constants of A. 

Proposition 4.1. Let 3£ — (X, Y) be a reduced Q-scheme endowed with a 
vector field. Let U be an open set of X . Then, for every f G C (£?x(U)), there 
exists a unique f mC (0 X (U S )) such that f w = f. 

Furthermore, this extension map 

C{0 x {U)) ^C(ff x (U s )) 



is an isomorphism of rings, whose inverse C{&'x{U s )') — >C(0x(U)) is the 
restriction map. 
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4.1 Constants in localized rings 



In order to prove Proposition \4- 1\ we need to study the properties of constant 
elements in differential rings of the form S~ 1 A. If x = a/s is such an element, 
by differentiating x, one gets 

a's - s'a . , 

= =0 in S M. 

s z 

One would like to derive from this, identities such as 

/ / , a a' , ... AT a aW 

a s — s a = and so - = — and so Vi € N, — = —r^-. 

s s' s gW 

Unfortunately, these latters are false, since we don't have a's — s'a — but only 
3t G S, t ■ (a's — s'a) = 0, and since the elements s^ 1 ' do not necessarily belong 
to S. Nevertheless, when sW g 5, we do have a/s — aW/sW in This is 

what tells us the following proposition. 

Proposition 4.2. Let A be a differential ring. Let 8,a,b G A such that 

9 ■ (a'b-ab') = 0. 

1 ) Then, for all N G N>3 and for all < i < N , one has 

9 ■ (a'b - ab') = 
9 2 ■ {a"b - ab") = 



b N-l 9 N . f b d) a (N-i) _ a (i) b (N-i)^ = q 



2) In particular, when S is a multiplicative subset of A, if s G S and if i G N. 
one has 

(a)' = mS- l A \ a a« . x 



In order to prove this proposition, we need the following lemma : 

Lemma 4.3. Let A be a differential ring and let t, A\, A 2 , B±, B 2 G A. Then, 

t-(A 1 B 2 -B 1 A 2 )=0 

e ■ (B 2 2 ■ (BiA[ - A 1 B' 1 ) - B x 2 ■ [A' 2 B 2 - B' 2 A 2 )) = 0. 
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Proof of Lemma \4-3\ — Let A be a differential ring and t, A\, A2, B\, B2 € A. 
Let's denote = t ■ (A1B2 — B1A2). A simple computation shows that 



tB x B2^ tBiB'n ■ 6 - tB\B 2 Q - t'B 1 B 2 Q 

Ox 

t 2 ■ (B 2 2 ■ (A^B, - A 1 B' 1 ) - B x 2 ■ (A' 2 B 2 - A 2 B' 2 )) . 

Hence, when = 0, one gets the required identity. ■ 

Now, we can prove Proposition : 

Proof of Proposition \4-S\ — We keep the notations of the proposition. In par- 
ticular, we assume that 9 ■ (a'b — ab') = 0. We denote 

E Ntl := b N ~ 1 6 N ■ - o «&C"-0) . 

Let's begin by showing the assertion 1 ): we want to prove 

9 ■ {a'b - ab') = 
9 2 ■ (a"b - ab") = 

V7V > 3, V0 < i < N, b N - x 9 N ■ (ftWo^-O - oWft^-*)) = 0. 

The first identity is our assumption; one gets the second one by differentiating 
the first one and by multiplying it by 9. For the bunch of next identities, we 
proceed by induction. For N — 3, let's remark that, when differentiating the 
second identity and multiplying it by 9, one gets: 

9 3 ■ {{a"b' - a'b") + {a"'b - ab'")) = 0. (1) 

But, by applying Lemma \4 ■ 3| with t = 9, A\ = a, B2 = b' , B\ — b et A2 = a', 
one gets 

b 2 9 2 ■ (b'a" - a'b") = 0; 
hence, in particular, one has 

b 2 9 3 ■ {b'a" - a'b") = and, with (J), b 2 9 3 ■ {a"'b - ab'") = 

Now, let's assume the assertion 1) true for n < N and let's show it for iV + 1. 
First, a simple computation shows that 

b9 ■ — = En + h + i + Eff + n. 
ox 

Thus, for < i < N, one has -Ejv+i,;+i + = 0. A consequence of these 

identities is that, if there exists iq such that Epj + ij = then all the En + u 
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are zero. Indeed, in that case, one would have 



( l 1 
1 



1 

io 



1 
1 1 



Eff+1,1 



N+1,N+1 



But, developing along the last line, one finds that det A = (-i) N+l ° an d thus 
that A is invertible. So, it suffices to find io such that Eisr+i t i = 0. We consider 
two cases. If N + 1 = 2k is even, then one has 



E 



W+u = b N 9 N+1 ■ (Vfcy^+D-*) - (*)&((tf+D-*)) 

= b N 9 N+1 - (&« W - a W& fc >) =0, 

and we can conclude. If N + 1 = 2fc + 1 is odd, we know, by the induction 
assumption, that 

E kfi = b k - 1 9 k • (a (fc) 6 + b {k) aj = 0. 
Then, if we use Lemma \4 ■ 3\ with the data 

t = (b k - 1 6 k ) A 1 = a™ B 2 = b B x = b^ A 2 = A, 

we get 

(b^O") 2 ■ (b 2 ■ (V fe V fc+1 ) - a ( fe )6( fe+1 )) + 6« 2 • (a'b - b'a)) = 0. 
So, given 9 ■ (a'b — b'a) = 0, we get 

b 2k 2k . ( 6 (k) a (fc+l) _ a W b (k+D^ = Q 

Mulitplying it by 8 7 we get -E/v+i.fc = — and so, all the En+i,i are zero. 

Now, let's move to the assertion 2). It is an easy consequence of 1). Indeed, 
let S be a multiplicative subset of A and let (a, s) € A x 5 such that 



(;)' 



= 



S- X A. 
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It means that there exists 9 G S such that 9 ■ (a's — s'a) = 0. Let's assume now 
that ieN verifies sW <= S. The identity £^o = that we have just shown tells 
us that 

(s 4 - 1 ^) • (a^s-as^j = 0. 

6S 



For sW g 5' ; this implies 



a W 



s 



,(0 



in S^A 



4.2 A lemma on stalks and trajectories 

We will also need the following: 

Lemma 4.4. Let (X, Y) be a Q-scheme endowed with a vector field. Let x G X , 
let U be an open neighborhood of x and let f G Ox (U). Then, 

ft) fTra^( x )=0 => 3ne N I (f x ) n = 0. 

ifrraj^ix) = and /' = 0) / x = 0. 

Remark. — This result is false out of the differential context: if X is a scheme, 
if x £ X and if r/ x is a generization of x, then 

/„ = =fr 3n G N | (/ x ) n = 0. 

To see this, it suffices to consider the closed subscheme of Aq, union of the axes 
x = and y = : X = Spec C[a;, y]/{xy). In this scheme, the function y is zero 
in Ox,r/ x — where rj x stands for the generic point of the axe y = — although 
y is not nilpotent in Ox,(o,o)- "0 

Proof. — For the property we want to show is local, it suffices to prove it for 
affine schemes. So, let A be a differential ring. To begin with, let's prove the 
small following result : 

V(6>, /) e A 2 , Of = => (Vn G N, 6» (n) .r +1 = 0). 

We proceed by induction: if 9^ f n+1 = 0, by differentiating this identity, one 
gets 

g( n +l)p+l + ( n + l~)0(n)fp = q 

By multiplying the latter by /, one gets Q( n + 1 )f n + 2 = o. Now let's move to 
assertion (i): let p be a prime ideal of A and let / G A such that 



/ = in A 



P#- 
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This means that there exists 9 ^ p# such that 9f = 0. But, 9 ^ p# means that 
there exists n g N such that <^ p. Since, we know that 9^ f n+1 = 0, we 
have 

f n+1 =0 inA p . 

Lastly, let's prove (ii). With the previous notations, we assume, in addition 
that /' = 0. From Of = 0, one gets, by induction, that 0^ m 'f = for all to. In 
particular, one has that 0^ n > f — and so / = in A p . ■ 



4.3 Proof of Proposition 4- 1 



Now, we come to the proof of our result on the extension of constant sections 
of the structure sheaf. So, let X be reduced Q-scheme, equipped with a vector 
field f. Let U be an open set of X and let / e C(0 X {U)). We start by 
proving the unicity of a extension of / to U s . So, let f 1 ,f 2 £C (0x(U s )) such 
that ff v = ff v = f. Let x E U 5 . This means that Traj^(x) € U. Let's denote 
y : = Traj.^(x). Thus, one has 



f 1 



f. 

J y 



Consequently, by lemma 4-4 one nas fx = fx- 
wanted to show. 



Hence, f 1 = / 2 , what we 



Let's prove now existence of such a extension. Let's assume that we had 
shown it in the affine case and let's show it in the general case. Let be a 

basis of open affine sets of X. We denote Ui = UtlCli and /, = f\u.. According 
to the affine case, one hence has 

7iec(<? ni (t/4cn.))) 

such that fi — fi\u i , where U^ cni ) stands for the invariant open set of fli 
associated to Uf. 

Cifcn,) : = {xtVil Traj^x) e U,} . 

Let's prove that the fi patch together, so that one can derive from them a 
function / extending / on U s . First, remark that 

This follows from 

Ci'cn,) = U s nSl i . 

Now, if i and j are such that flj C tti, since Uj S , cn ^ = U^f-^.^ f~l £lj and by 
unicity of the extension, one has 
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Finally, if we denote by / the patching of the fi, it is clear that /' = and that 
f\u = /• 

Last, but not least, let's prove the result for affine schemes. For this sake, 
let's assume that this following lemma is true. We will prove it after. 

Lemma 4.5. Let A be a differential reduced ring and let U be an open subset 
o/diff-SpecA Letse^s^ pecA (U). Then, 

(i) there exist a Zariski open set W of Spec A, containing U, andt<E ^Spec a(W) 
such that for all x € U, the stalk t x equals s{x). Moreover, when W C Ua, 
this extension t is unique. 

(ii) If, moreover, s' — 0, this W can be taken to be equal to Ua'- there exists 
a unique t € C(<^spcca(^a)) such that 

\/x 6 U, t x = s(x). 



So, let A be a reduced Q-differential algebra, let V be an open set of X := 
Spec A, and let / e &x (V) a section satisfying /' = 0. We denote U := 
V fl diff-Spec A Then, we have V s = Ua- If we consider the Hartshorne-like 
|Har77j definition of /, then it is clear that / induces on U a constant section s 



of the Kovacic sheaf. Applying Lemma 4-5 (ii) to s, one gets a constant section 



/ € C (p 'x(V s )) . We just know that / and / coincide (in a stalkwise sense) on 
U. But, since X is reduced, by Lemma \4-4\ this is sufficient to prove that they 
coincide stalkwisely in Ua and so that they are equal. Now, to conclude the 
proof of Proposition \4-l\ all that remains is to prove Lemma \4~. 



Proof of Lemma \4-5[ — We keep the notations of the lemma. We start by 
proving the point (ii). Hence, let s be a constant section of the Kovacic sheaf. 
It comes with a covering (J7j)ig/ of U and two families (a^), and fulfilling 
the required conditions. The unicity is a consequence of Lemma \4-4\ (H)i as f° r 
Proposition 4-1 For the existence, we use the Hartshorne |Har77j definition of 



the structure sheaf of Spec A. Hence, we look for 

a) a family (£(p)) peC/ 5 , where t(p) 6 A p for each p, such that 

Vp € U, t(p) = s(p) and Vp e U s , t(p)' = 0. 

b) a covering (fi^ of U s and two families (ai) t and (Pe) e such that 



Vp e U 5 , We, (pen e =*> fat p and i(p) = j- in A p 



For the item a), we proceed as follows. Let p € U s : this means that p# € U. 
Hence, one can consider s(p#) and denote 

»(P#) = % 

Op 



2N 



with bp ^ p#. This means that there exists a integer n such that bp^ n > ^ p. We 
will denote the least of these integers by n p . Then, we define 



t(p) := 



apK) e Ap 



Op 



Let's check that this family fulfill the two required conditions. If p € U, then 
p# = p- So, we want to check that 



in A 



but this follows from the point 2) of Proposition Let p e [7°. Since, s is 
a constant section of the Kovacic sheaf, we know that s(p#)' = 0. That means 
that 

a p 'bp - OgV 

2 — u m 

Op 

thus, there exists 9 ^ p# such that 

• (a p '6 p - a p 6 p ') = 0. 



Now, by point 1) of Proposition ^.D we know: 



6p 2n p6 ,2„,+l . ^ ap (»P+l)fe p ("p) _5 p («p + l) ap (« P )^ =0. 



(2) 



Let's denote c := o p 2np (9 2llp+1 . It is an element that doesn't belon g to p# and 
so, let m € N such that c^ m ' ^ p. As in the proof of Lemma 4-4 one deduces 
from ([2) that 



and so (>") • (apfo+Vbp^*) ~ o p (n > +1 
Since A is reduced, one has 

c (m) . ( ap (" P +i)5 p K) _fe p («P+l) ap (™ P )) =0 

This implies 

= in yl D . 



m+1 



m+1 



6 p ( "^ 



In other words, it means that t(p)' — for all p E U. 

Let's move now to the item b). For the covering of II s , we choose 
V^n := Ui 5 n D(bi {n) ) for i € J and n e N. 
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Indeed, let p G II s ; this means that p# G U. Hence, let i G I such that p# G U. 
Then, since p# G Ui, we know that 6^ ^ p#- Thus, there exists n G N such that 
£ P; in other words, p G D(b^ n ^. Hence, we have found a couple (i,n) 
such that p G Vi >n . As families of elements, we choose 

ai,„:=OiW and ft, n := 

So, let p G and (i, n) such that p G V^ n . First, we have /3j >n ^ p. So, we have 
to check that 

t(p) = ^ = ^Vt in A 

By assumption, we have p# G f/j and so 

a p a. 



S (P#) : = IT = T inA P#- 



bp bj 



Then, since these two elements have a zero derivative, and since, on the other 
hand, we know that bp 1 "* 1 £ p and b/ n) p, Proposition 4.2 



tells us that 



bp M h .{n) mA P#- 



Then, applying Lemma 4-4 ft) an d using the fact that A is reduced, we infer 
that 



m 



This concludes the proof of (mJ. 



Now, let's indicate quickly why (i) is true. We start with a section s G 

^diff°SpocA(^)' a covering of {/ and two families (a^), and (6j)j of A such 
that 

Vp G U, p £[/, =^ ( 6j ^ p and s(p) = -1 in A } 

By definition, one can find Zariski open sets Wi of Spec A^ such that U — 
Wi n diff-Spec A, for all i. One can replace the W^s by the Wi defined by 

Wi := W t n D(h). 

Then, one considers W = [JiWi. This is a Zariski open set of Spec A containing 
U. Let p G W and assume p G Wi and p G Wj for two indexes i and j. Then, 

Indeed, p# lies in i7i and in Uj and so ai/bi — aj/bj in ^4p # - But, by Lemma 
4-4 and for A is reduced, this implies (|3|. Then, one can define t G ^Specvi(W0 



by setting t(x) — ai/bi when x G Wi. The statement on unicity comes from 
Lemma \4-4\ ' 
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5 Comparison of the Carra Ferro, Keigher and 
Kovacic sheaves 



5.1 Comparison of the Carra Ferro and Keigher sheaves 

We now come to the main result of this paper: 

Theorem 5.1. Let X be a reduced Q-scheme endowed with a vector field. Then, 
the Carra Ferro sheaf and the Keigher sheaf have the same constants: 

V Uopen zn X* C ([/)) ~ C (V C J } (U)) . 

Proof. — We keep the notations of the theorem. The Keigher sheaf is defined 
as the associated sheaf to a certain presheaf. Hence, thanks to Proposition \A.3\ 
the constant of the Keigher sheaf is the same as the associated sheaf to the 
constant of this certain presheaf. More precisely, one has 

c (^* her) (u))c(u^c ( coiim v opcn in x G X (V)) ) . 

\ \ and UCV / J 

Naturally, one would like to interchange C(— ) with colim . This is not possible in 

general. For instance, the reader might search a example where C (A x <E>b ^2) 7^ 
C{A 1 )® C[B) C{A 2 ). 

But, in this situation, the colimit that we want to compute is of a very 
special kind : it is a filtered colimit. And, for such colimits, one has 

C( colim Ai) ~ colim C(A,). 
H K 

Indeed, one knows, as explained in chapters 9 and 11 of [Sch72| . and after 
Theorem 11.5.7 of the same book, that in the category Rng a filtered colimits 
commute with finite limits. But, given a differential ring A, its ring of constants 
can be characterized as a finite limit. More precisely, C(A) can be characterized 
as the following kernel : 

Id+9(-)e 

C{A) — »- A : A[e]/e 2 . 

Id 

Hence, C(— ) commutes with filtered colimits. So, one gets that 

C «r hCT) (C/)) *(u» colim, open in x C{0 X (V)) 

\ and UCV 

Now, let U be an open set of X. We will prove that 

open in X (V)) = C (<? X (U S )) . 

and UCV 
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To begin with, if V is a Zariski open set of X that contains U, one has a map 

y v :C(ff x {V))^C{0 x {U s )). 

This comes from Proposition tpv is the composition of the extension map 
@x{V) — > &x{V s ) with the restriction map to <? X {U S ). Let's prove that the 
(fiv's make ff x (JJ s ) the sought colimit. Let A be a differential ring together 
with compatible maps tpv ■ C(0 x (V)) — > A. In particular one has a map 
ipjjs : C (0x(U s )) — > A. Let V be a Zariski open set containing U. All that 
we have to prove is that the diagram 

C{0 x {V)) 




commutes. But, in the diagram 

C{(? S :{V)) 




the diagram © commutes by definition of tpv, the diagram @ commutes for the 
tpw's form a compatible family, and the big triangle 

C{0 x {V)) 




commutes for the same reason, and for the restriction map and the extension 
map are inverse one of each other. So, the last triangle 
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indeed commutes and C (0x(U S )) is the colimit that we wanted to compute. 

Now, the end of the proof is easy. Since the constant of a sheaf is still a 
sheaf, the presheaf 

U^C(0 x {U 5 )), 

which is actually the constant of the Carra Ferro sheaf, is a sheaf. So, it is its 
own associated sheaf. ■ 

Remark. — In general, the sheaves ^^; lghor ) an d {r^p are not isomorphic. 

For instance, if 3y is AJ-, with the constant vector field, as we already told, 
contains only one element, the generic point. The global sections are C[i] for 
the Carra Ferro sheaf and C(t) for the Keigher sheaf. 



5.2 Comparison of the Keigher sheaf and the Kovacic sheaf 

We now prove the following proposition, that compares the two classical sheaves 
over diff-SpecA: 

Proposition 5.2. Let A be a differential ring. Then, 

^(Keigher) ^ /?(Kov) 
^diff-SpccA — ^diff-SpecA" 



As an immediate consequence of Theorem \5.1\ and of the latter proposition, 
one gets: 



Corollary 5.3. Let A be Q-reduced differential algebra. Then. 

r> /^(Keigher) \ ^ ^/^(Kov) \ ^ n / ^(CF) 

° l^diff-Spec A/ — l^diff-Spec A/ — u l^diff-Spec A 

Proof of Proposition 



5.2 



that ^»( Kov ) and /?( Koi S hor ) 

tnat t/ diS _ SpecA ana <^ diff _ SpeCj4 



First, let us remarl ^ 
have the same stalks: tor all p € diff-SpecA, trie stalks at p are isomorphic to 
Ap. So, to prove that they are isomorphic, it is sufficient to show that there ex- 
ists a morphism between them, inducing isomorphisms on stalks. Let us indicate 
how to construct such a morphism 6 d iff°-s poc A — ^ ^d!ff°SpccA- By the universal 
property of the associated sheaf, it is sufficient to built a similar morphism 

^ Spcc a(V)^^ pccA (U), 



UDV 
V Zariski open 
in Spec A 

functorial in U. But, to define such a morphism, it is sufficient to consider a 
compatible family of morphisms 

^S P ecA(^)^< ff °; s ) pec A(^) 

for all Zariski open set V containing U. If one consider the Hartshorne-like 
definition of ^g pcCl 4, it is easy to define these maps, by restriction. ■ 



( 7 )lt follows, for the Keigher sheaf, from the fact that a sheaf and its restriction to a subset 
have the same stalks. 
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A The associated sheaf in the differential context 

The two goals of this appendix are: 

(i) to explain why the existence of the associated sheaf ^ in the context 
of sheaves and presheaves of sets implies its existence in the context of 
differential rings; 

(ii) to explain why the functor & n- ^ commutes with the functor of con- 
stants. 

A.l Statement of the first result 

To begin with, we fix some notations. If X is a topological space, we denote by 

PrSh(X) PrSh4 6 (X) PrSh fl „ 5 (X) PrSh Rng9 (X) 
Sh(X) Sh Ab (X) Sh Rng (X) Sh Rng3 (X) 

the respective categories of presheaves and sheaves of sets, abelian groups, rings 
and differential rings. These categories come naturally with forgetful functors. 
We also denote by 

C\ sh) : PrSh Rng o(X)^PrSh Rng (X) 
and C\ PrS h) ■ Sh Rn ^(X) — >Sh Rng (X) 

the functors that associate to a (pre)sheaf & of differential rings the (pre)sheaf 
of rings U h-> C{^{U)). Finally, we also recall that one denotes 



G 

when (F, G) establishes an adjunction between c € and ie when G is left 
adjoint to F. We want to prove: 

Theorem A.l. Let X be a topological space and let & be a presheaf of sets 
over X . Then, the sheaf of sets ^ , associated to & ' , can be endowed with a 
structure of sheaf of abelian groups (resp. rings, differential rings) when & has 
a structure of presheaf of abelian groups (resp. rings, differential rings) . 

But, more precisely, what we will prove is the following 

Theorem A. 2. Given a topological space X , there exist four adjonctions 

U "Ah 

Sh(X) PrShpQ Sh Ab (X) PrSh^pQ 

* *Ab 
WRng ^Rng 9 

Sh Rng (X) PrSh Rng (X) Sh Rng e(X) PvSh Rng3 (X) 

*Rng *RngS 



M 



making the following diagram commute: 

Sh(X) 

I 



PrSh(X) 

Moreover, the functors *, *Ab, *Rng and *R ng o commute with general colimits 
and finite limits. 

With these notations, the left adjoint functor to uj : Sh(X) — > PrSh(X), 
denoted here by * : PrSh(X) — > Sh(X), is the functor that associates to a 
presheaf & its associated sheaf . 

A. 2 Proof of Theorem [XI 

To begin with, we assume that the existence of the associated sheaf, and the fact 
that it commutes with finite limits, is known for presheaves of sets. It is proved, 
for instance, in |Har77j or |MM94j . We denote by * : PrSh(X) -> Sh(X) the 
functor that maps & to its associated sheaf ^ . 

Now, let ^ be a category with finite products. We denote by 1 a terminal 
object of Following |MM94[ Ch. II, §7], but the interested reader should 
also consult |Sch721 Ch. 11], we consider the category Ab ("<?) of abelian group 
objects of ^ . It is defined as follows : 

- the objets of Ab fif) are 4-uplets (X, a, v, u) where X € ob and where 
a : X x X ^> X, v : X X and u : 1 — > X are arrows satisfying some 
conditions. Intuitively, one wants a to be the addition law, v to be the 
subtraction law and u to be the zero. 

- the arrows of Ab ("(f) are arrows / : X — > Y that commutes with addition. 

For instance, Ab (Sets) is isomorphic, as a category, to the category of abelian 
groups. Similarly, for every topological space X, the categories Ab (PrSh(X)) 
and Ab (Sh(X)) are isomorphic to PrSh^^X) and to Sh^^X). 

Now, let X be a topological space and let J? be presheaf of abelian groups. 
We want to construst the associated sheaf ffi to 3? . First, one can see & as 
an object of Ab (PrSh(X)): & is preasheaf of sets endowed with maps 

a: & x & — > v : & — > & and u : {*} — > & 

where {*} denotes the final object of PrSh(X). Then, one can apply to & and 
to these maps the functor *. Since, * commutes with finite limits, one gets 

*(a) : ^ x ,^ — *(v) : — > and * (u) : {*} f — > . 
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A 



Sh fl „g(X) 



Sh Ab (X) 



PrSh fl „ g a(X) — — PrSh^Jf) — PrSh Ab (X) 



Furthermore, these maps still verify the axioms of Ab(^), since * maps com- 
mutative diagrams to commutative diagrams. Therefore, has naturally a 
structure of sheaf of abelian groups. One can also verify that * maps additive 
morphisms of additive morphisms. Thus, one has a functor 



and one can prove that it is the left adjoint that we were looking for. Last, since 
*Ab is left adjoint to u>Ab, one knows that it commutes with all colimits. For 
finite limits, one proceeds as follows: 

1. Let (J^i, <Pij) be a finite system of abelian presheaves and let ipi : & — > J?, 
be its limit in PrSh^&pf). Then, JF, seen as a presheaf of sets is still 
a limit. This comes, for instance, from the fact that the functor lu§ : 
PrSh/tb(X) — > PrSh(X) has a left adjoint. This adjoint maps a presheaf 
of sets £f to the presheaf of abelian groups U h-> Z&W. 

2. Hence, ipi : — is still a limit, seen in PrSh(X). For * commutes 
with finite limits, one gets that *(ipi) : ^ — is a limit in Sh(X). 
Furthermore, by definition, J^", , ^ can be seen as sheaves of abelian 
groups and the morphism *(ipi) are additive. 

3. Last, if if is a sheaf of abelian groups given with morphisms ipi : & — > , 
one wants to find an arrow / : 'S — > ^ that factorizes the ipi. For ^ is 
a limit in Sh(X), one can find such an arrow /, in Sh(X). But then, one 
has to prove that this arrow is additive. This comes from the additiveness 
of the ipi and the unicity of factorizations. 

So, this is how one can prove the existence of the left adjoint *Ab an d its 
properties. The same arguments apply for (pre)sheaves of rings and differential 
rings: one remarks that it is possible to defines ring objects and differential ring 
objets in a category ^ with finite limits, and that this definition only involves 
finite products, maps and commutative diagrams. 

A. 3 Associated sheaves and constants 

Now, we prove 

Proposition A. 3. Let X be a topological space. Then, the diagram 



* Ab : PrSh^pO 



Sh Ah (X) 



Sh fl „ 3 o (X) 



C\sh) 



*- Sh Rng (X) 



*RngS 



* Rng 



PrSh Rng o(X) 



C(PrSh) 



*■ PrSh fln5 (X) 



commutes, up to isomorphism. 
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This means that, if & is a presheaf of differential rings, when one wants 
to compute the constant of &\ it suffices to compute the associated sheaf to 
C{&): in other words, C{,^ ~ C(JFt). 

Proof. — Let X be a topological space and let & € PrSh i?n9 s(X). The 
constant of J£", denoted by C (J^) is a finite limit; more precisely, it is a kernel 
(in PrSh(X), and in Sh(X) for sheaves): 

C (J?) > & ZZ£ 

o 

For * commutes with finite limits, one has 

d 

C (^) f ' & T jTt . 

o 

hence, C is isomorphic to C («^), as sheaves of sets. But, this enough 
to infer that they are isomorphic as sheaves of rings. Indeed, first, the map 
C (i^)^ — > is a morphism of sheaves of differential rings; second, if U is 
any open set, the map C {&) (U) — >^{U) is injective (this is because it is 
isomorphic to C(&)(U) —> third, as sets, C {&) (U) and C (j^) f (U) 
are isomorphic. ■ 
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